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Abstract

In this paper, turbulent flows in media laden with solid structures are considered. Following previous studies, we apply both statistical
and spatial averages. The solid matrix action on turbulence is then put forward as a sub-filter production. To model this term, we per-
form a two-scale analysis that highlights energy transfers between the mean motion, the macroscopic and the sub-filter turbulent kinetic
energies. Within this framework, we show that the sub-filter production is an energy transfer between the mean motion kinetic energy
and the turbulent kinetic energy. We propose to model this sub-filter production using the wake dissipation and the work performed by
the mean macroscopic flow against the mean specific drag. From this analysis, a macroscopic k–e model is then derived for a stratified
porous media that includes a friction factor model accounting for turbulence non-equilibrium. Comparisons between this model and a
former model [Nakayama, A., Kuwahara, F., 1996. A macroscopic turbulence model for flow in a porous medium. J. Fluid Eng.-T
ASME 121, 427–433] are carried out.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The macroscopic modeling of turbulent flows passing
through porous media or media laden with solid structures
concerns many practical applications such as nuclear reac-
tors, heat exchangers or canopy flows. In such flows, vari-
ous study scales coexist. The challenge of the macroscopic
modeling is not to reproduce the fine structure dynamics of
the flow but to take into account information embedded in
smaller scale for large scale modelization. With this aim, we
choose to use two average operators: the statistical average
that is practical for turbulence study and the spatial aver-
age, well adapted for the porous media approach.
0142-727X/$ - see front matter � 2006 Elsevier Inc. All rights reserved.
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@cea.fr (O. Grégoire), olivier.simonin@imft.fr (O. Simonin).
It has been shown that constrains apply when using spa-
tial average (Quintard and Whitaker, 1994a,b). If macro-
scopic quantities length scales are large with respect to
the filter size then the spatial average is assumed idempo-
tent. In what follows, hÆi denotes the volume average, while
hÆif is the fluid volume average (hÆi � /hÆif), where / is the
porosity of the medium. The symbol d denotes the devia-
tion of a quantity from its fluid averaged value. The statis-
tical average and the fluctuation of some quantity f are
respectively denoted �f and f 0. In a strict mathematical
way, both averages commute (Pedras and de Lemos,
2001). However, each modeling step, related to an average
application, involves simplifications. Hence, the macro-
scopic turbulence modelization necessarily depends on
the order of application of these two averages (Nield,
2001; Travkin, 2001). Following Pedras and de Lemos
(2001), de Lemos and Braga (2003) and also Nakayama and
Kuwahara (1996), we choose first to apply the statistical

mailto:francois.pinson@cea.fr
mailto:olivier.gregoire @cea.fr
mailto:olivier.gregoire @cea.fr
mailto:olivier.simonin@imft.fr


956 F. Pinson et al. / Int. J. Heat and Fluid Flow 27 (2006) 955–966
average in order to get a structured view of turbulent flows
and to benefit from the amount of knowledge available in
the literature about RANS modeling. The spatial average is
then applied.

Within the framework of the RANS modeling, intensity
of the fluctuating motion is usually given by its turbulent
kinetic energy (TKE), denoted k. Hence, a practical way
to highlight the solid matrix action on turbulence at a mac-
roscopic scale is to study the double averaged balance
equation of the turbulent kinetic energy for an incompress-
ible fluid. This equation reads
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where / is the porosity, and DÆ/Dt denotes the macroscopic
Lagrangian differential operator with respect to the bulk
flow velocity. The use of the spatial filter lets the dispersion
term appear. This term describes, at a macro-scale, the con-
vective transport of the studied quantity by the local veloc-
ity heterogeneities. It is generally modeled by a dispersion
tensor (Whitaker, 1967). Using the spatial averaging theo-
rem (Whitaker, 1967) and the filter idempotence, the spa-
tially filtered shear production splits into two contributions
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The first contribution is the production term induced by
the macro-scale shear. The second term, that we call sub-
filter production, and that we note

P SF ¼ � dRij
odui

oxj

� �
f

; ð3Þ

is induced by the sub-filter velocity gradients. Therefore, it
is directly related to boundary layers at solid surfaces. In
this paper, we focus on the modelization of this term.

The analysis of eddies dynamic in porous media led
some authors to take into account a supplementary trans-
fer between scales (Finnigan, 2000; Vu et al., 2002). Indeed,
large eddies are partially or totally broken by the solid
matrix to create small eddies. At macro-scale, this addi-
tional spectral transfer competes with the turbulent cascade
transfer. Finnigan (2000) underlined that turbulence spec-
tra in forest canopies exhibits a spectral cut-off. Hence a
two-scale approach is a natural way to analyse such a tur-
bulent flow owing that the filter length scale is in accor-
dance with the cut-off wave number.

Following this remark, we develop in Section 2 a two-
scale analysis (Schiestel, 1987; Grégoire et al., 1999) in
order to improve the understanding of energy transfers
between scales in porous media. The balance equations
for the turbulent kinetic energies and mean motion kinetic
energies are introduced. This analysis is then used in Sec-
tion 3 to derive a macro-scale turbulence model. Modeliza-
tion of the friction factor is addressed. In the framework of
this paper, the flat plate heat exchanger might be seen as an
ordered and periodic porous medium. Its study can be
reduced to the plane channel one. Fine-scale simulations
of plane channel flows are performed and used to tune
the macro-scale turbulence model. Comparisons with the
model of Nakayama and Kuwahara (1996) are carried
out. Encouraging results are shown and possible improve-
ments are proposed.

2. Formal two-scale analysis

2.1. Definitions

Both statistical and spatial averages allow to split up any
physical quantity into a mean value and a fluctuation (for
the statistical average) or a deviation (for the spatial aver-
age). According to the double decomposition concept (Ped-
ras and de Lemos, 2001), based on the formal
mathematical commutativity of both average operators,
one can write for the ith component of the velocity

ui ¼ huiif þ hu0iif þ dui þ du0i; ð4Þ

where we have by definition:

ui ¼ �ui þ u0i and ui ¼ huiif þ dui: ð5Þ

Various kinetic energies can then be built, depending on
the scale under interest. The macro-scale and sub-filter
TKE, respectively defined by

�kM ¼ hu0iifhu0iif=2; �km ¼ du0idu0i=2; ð6Þ

represent the energy which is contained in eddies of charac-
teristic length respectively higher or smaller than the space
filter. A cross-scale term may also be defined

�kc ¼ hu0iifdu0i=2: ð7Þ

This term is not an energy in a strict sense because it is not
unconditionally positive.

Let us emphasize that, due to the idempotence property
of the spatial average, any macro-scale quantity is equal to
its spatially averaged value. Hence, we have
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In the same way, one can introduce the macro-scale, sub-
filter and cross-scale Reynolds tensors, respectively de-
noted hereafter RM

ij , Rm
ij and Rc

ij
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One has to notice that Rc
ij is not symmetric. In addition, let

us underline that
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ii =2: ð10Þ
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Some authors previously focused on the modelization of
the macro-scale quantities �kM and RM

ij (Antohe and Lage,
1997; Getachew et al., 2000). But these terms do not ac-
count for all the turbulence embedded in the media (see dis-
cussion of Pedras and de Lemos, 2001).

Lastly, two kinetic energies are defined using the mean
velocities, say the macro-scale and sub-filter mean kinetic
energies

EM ¼ huiifhuiif=2; hEmi
f
¼ hduiduiif=2: ð11Þ
2.2. Derivation of the four energies balance equations

for a constant porosity medium

On the contrary to Silva and de Lemos (2003) and Breu-
gem and Boersma (2005) that address the issue of the treat-
ment of the interface between free flow and a porous
medium, we shall consider in this paper a constant porosity
medium. In order to highlight kinetic energy transfers, one
may derive balance equations for �kM, h�kmi

f
, EM and hEmi

f
.

At first, the balance equation of the four velocities in Eq.
(4) are derived
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where F /i
is the ith component of the specific mean drag

(N/kg) of the solid inclusions.
The balance equation for �kM is obtained by multiplying

the hu0iif balance equation (13) by hu0iif and by applying the
statistical average. This equation can be rewritten to
highlight classical terms such as turbulent and molecular
diffusions, viscous dissipation and pressure–velocity
correlation
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The viscous dissipation of macro-scale turbulence is de-
fined thanks to the macroscopic gradient of the fluctuating
velocity:

�eM ¼ m
ohu0iif
oxj

ohu0iif
oxj

: ð17Þ

In (16), there are two production mechanisms: the shear
production in the macro-scale flow and a part of the sub-
filter production. Multiplying the du0i balance equation
(15) by du0i and applying both averages, we derive the
h�kmi

f
balance equation
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The viscous dissipation of sub-filter turbulence is defined
by

�em ¼ m
odu0i
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: ð19Þ

The classical spectral transfer induced by the turbulent cas-
cade is recovered. For clear flows, Reynolds et al. (2002)
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derived a similar term for the spectral transfer through the
cut-off wave number. The work performed by the fluctuat-
ing macro-scale velocity against F 0/ is shown to act as a
supplementary spectral transfer between both TKE. This
spectral transfer is specific to flows in porous media.

Nevertheless, this formal work does not allow us to link
the sub-filter production to the work performed by the
macro-scale mean flow against the specific mean drag. This
link is established by the mean flow energy balance equa-
tions. These equations read
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Now, the macro-scale shear allows an energy transfer from
the macro-scale mean motion to both macro-scale and sub-
filter turbulent motion. In a similar way, the sub-filter pro-
duction is an energy transfer from hEmi

f
to both macro-

scale and sub-filter turbulent motion. At the same time,
the work performed by the macro-scale mean motion
against the drag (which is always a positive term) is a trans-
fer from macro-scale mean motion to sub-filter mean
motion.

2.3. Two-scale analysis contribution

The transfer and production terms have been formally
derived in the previous section and they are summarized
in Fig. 1. By developing Eq. (3), let us emphasize that the
sub-filter production is the sum of two contributions,
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coming from the micro-scale mean flow energy hEmi
f
.

Now, in order to simplify kinetic energy exchanges, we
shall assume that the micro-scale and macro-scale turbu-
lent motions are weakly correlated. Hence the cross-scale
Reynolds tensor and �kc shall be neglected (Schiestel,
1987). The macro-scale production is then the sole energy
source of h�kMi

f
from the mean flow. By assuming the sep-

aration of scales, we also neglect the large eddy creation
due to the sub-filter production. The sub-filter production
thus reduces to
P SF ¼ � Rm
ij

odui

oxj
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f
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Various scenarii of energy transfers from hEMi
f

to h�kmi
f

can be considered. For flows in low laden media, the situ-
ation is almost the same as for clear flows (see Fig. 2). The
shear of the mean macroscopic flow creates macro-scale
turbulence. This turbulence is for a part transferred to
smaller eddies and then dissipated. The other part, result-
ing from the eddy fractioning by solids, is transferred to
h�kmi

f
through the work performed by the fluctuant

macro-scale motion against the fluctuating specific drag
(see Fig. 1). For flows in media highly laden with solid
structures, the energy transfer follows an opposite way.
The macro-scale mean flow quickly yields its energy to
the micro-scale one. This transfer is due to the work per-
formed by the mean macro-scale motion against the mean
specific drag. Turbulence is then reduced to small struc-
tures, supplied by the sub-filter production contribution
coming from hEmi

f
.

Fig. 1 schematically illustrates that the influence of the
solid inclusions on energy transfers is to create transfers
between large scales to small scales. These transfers are
related to the drag and to the doubled averaged velocity.
In the context of fine-scale turbulence models, the exchange
term from mean motion to turbulent motion is related to
the shear. In this macro-scale study of turbulence, the
macro-scale shear acts in a similar way. We also need to
link the sub-filter production, which is induced by the
micro-scale shear, to macro-scale quantities and in particu-
lar to the drag. However, other transfers than drag contri-
bution supply the micro-scale turbulence. The sub-filter
production is then not equal to the work performed by
the macroscopic flow against the mean specific drag. In
canopy turbulence models, some authors considered that
the sub-filter production is conventionally the product
between drag and mean macroscopic velocity, minus a sink
term. This sink term is supposed to represent the acceler-
ated cascade of TKE due to the plant foliage elements
(Green, 1992).

In our approach, considering the limit of a steady homo-
geneous macroscopic flow with no macroscopic shear, Eq.
(20) reduces to

P SF ¼ F /i
huiif � hewif ð24Þ

with

hewif ¼ m
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As assumed by Green (1992), the sub-filter production may
be written as the product between drag and mean macro-
scopic velocity, minus a sink term. Actually, Eq. (25) shows
that this term is a laminar viscous dissipation induced by
the velocity deviation gradients. It is important to notice
that, in laminar flows, this dissipation is not zero and is
strictly equal to the work performed by the mean macro-
scopic flow against the drag force. According to the mean



Fig. 2. Schematic spectral representation of turbulence for free flows and
flows in porous media.

Fig. 3. Schematic description of the hEmi
f

budget under the separation of
turbulent scales assumption.

Fig. 1. Schematic description of energy transfers between considered kinetic energies.
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kinetic energy budgets (16)–(20) and under the assumption
of separation of the turbulent scales, EM provides energy to
hEmi

f
by way of the product between drag and double

averaged velocity. This amount of energy is not totally
transferred to sub-filter turbulence because part of it is di-
rectly dissipated into heat by way of laminar wake dissipa-
tion. It is illustrated in Fig. 3 that the part received by h�kmi

f

from hEmi
f

is the sub-filter production. Thus, in contrast
with Green’s proposal, we infer that h�ewif is reducing the
turbulence production instead of increasing the turbulent
cascade rate.

3. Derivation of a k–e model for a stratified porous media

In this section, we choose to analyse one of the simplest
medium, say the stratified medium made up by parallel infi-
nite plates. This medium might be seen as a stereotype of
the plate heat exchanger. A description of the geometric
configuration is given in Fig. 4(a). The turbulent flow is sta-
tistically steady, homogeneous in the spanwise x direction
and oriented through the z direction. The hydraulic diam-
eter DH of a channel is twice the clearance between two
plates and the Reynolds number of the flow is defined by
Re ¼ huzifDH=m, where huzif is the constant bulk flow



Fig. 4. Sketch of the considered stratified medium made by parallel infinite plates. Under the assumptions of homogeneity of the flow in the spanwise x

direction and of no macro-scale velocity gradient in the y direction, the medium is approached by a single plane channel. (a) Stratified medium made by
parallel infinite plates. (b) Single plane channel.
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velocity. No eddies larger than the clearance between two
plates can thus exist. Hence, we simply have

h�kmi
f
¼ h�ki

f
and h�emi

f
¼ h�ei

f
: ð26Þ

In the following developments, we will use the simplest
notations. In addition, no velocity gradient exist within
the x and y directions, so that macroscopic shear in Eq.
(1) vanishes. In such configuration, we approach the strat-
ified medium by a single plane channel (see Fig. 4(b)).

Fine-scale simulations have been performed with the
CAST3M CFD code. We use the standard k–e model (Har-
low and Nakayama, 1967; Mohammadi and Pironneau,
1994) with Van Driest wall functions. At the inlet, velocity,
TKE and viscous dissipation profiles are flat in the central
part of the channel and they follow wall functions in the
near wall region. By applying the spatial average to the
fine-scale simulation results, we get macroscopic reference
evolutions for h�ki

f
, h�ei

f
, h�ewif and the friction factor. Spa-

tially averaged turbulent profiles at the inlet provide chan-
nel inlet boundary conditions hereafter denoted by the
subscript ‘‘0’’. After a distance of several hydraulic diame-
ters through the z direction, the velocity profile reaches a
non-evolving shape and the profiles of �k and �e reach non-
evolving levels and shapes. This state corresponds to the
asymptotic state and is hereafter denoted by the subscript
‘‘1’’. Although the channel inlet boundary conditions
are imposed, the asymptotic conditions far dowstream
depend on the Reynolds number of the flow. Between inlet
and asymptotic states, large scale oscillations of the spa-
tially averaged turbulent quantities are observed (Pinson
and Grégoire, submitted for publication).

Fine-scale simulations are classified by using three
parameters: the Reynolds number, the ratio h�k0if=h�k1if
and the macroscopic turbulent length scale divided by the
hydraulic diameter

L�tM0
¼ h

�k0i3=2
f

h�e0ifDH

: ð27Þ

We base the further developments on four cases. We thus
consider turbulent flows characterized by

SIMREF1 : Re ¼ 105; h�k0if=h�k1if ¼ 3;

L�tM0
¼ 1=10;

SIMREF2 : Re ¼ 105; h�k0if=h�k1if ¼ 3;

L�tM0
¼ 1=25;

SIMREF3 : Re ¼ 105; h�k0if=h�k1if ¼ 3;

L�tM0
¼ 1=100;

SIMREF4 : Re ¼ 5� 104; h�k0if=h�k1if ¼ 3;

L�tM0
¼ 1=10:

ð28Þ

The use of wall laws nearby the inlet is not accurate
since boundary layer are not enough developed. To assume
macroscopic evolution as reference evolution, we have to
consider the distance necessary for the boundary layer to
develop and to include the non-calculated area. Based on
boundary layer thickness increase (Landau and Lifchitz,
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1971) we infer that for Reynolds number values considered
in this work this condition is achieved past a distance of
two hydraulic diameter downstream the inlet.

3.1. Modeled balance equation for h�ki
f

and h�ei
f

In the configuration under study, there is no macro-scale
production. Therefore, h�ki

f
has a sole production mecha-

nism, that is to say sub-filter production. Diffusion and dis-
persion of h�ki

f
are negligible (Pinson and Grégoire,

submitted for publication). Under steady conditions, the
h�ki

f
balance equation then reads

h�uzif
oh�ki

f

oz
¼ P SF � h�eif: ð29Þ

In order to model the sub-filter production PSF, we pro-
pose to use the equilibrium relation (24). This model
implicitly assume that PSF, h�ewif and F /z

huzif are the three
major contributions in the hEmi

f
transport equation. The

specific drag force can be related to the friction factor fp

and to the channel hydraulic diameter

F /z
¼ fp

2DH

h�uzi2f; ð30Þ

so that, according to (24), the sub-filter production can be
develop into

P SF ¼
fp

2DH

h�uzi3f � h�ewif: ð31Þ

We then postulate a balance equation for h�ei
f

by analogy
with the h�ki

f
balance equation (29). Each production/dissi-

pation phenomenum is scaled by a characteristic time scale.
The heif balance equation then reads

h�uzif
oh�ei

f

oz
¼ Ce2

P SF

ss
� Ce2

h�ei
f

st
: ð32Þ

where the time st is defined in accordance with the clear
flow modeling

st ¼ h�kif=h�eif; ð33Þ
and Ce2

¼ 1:9. The asymptotic state matches to the zero
gradient value of the spatially averaged turbulent
quantities:

asymptotic state () oh�ki
f

oz
¼ oh�ei

f

oz
¼ 0: ð34Þ

The macroscopic turbulence study in porous media departs
from the free turbulence study because of the non-zero
asymptotic values of turbulent quantities. The macroscopic
model shall allow to recover these values. To this aim, Pin-
son and Grégoire (submitted for publication) demonstrated
that is not possible to set ss = st. A priori testings have
shown that the time

ss ¼ st � ðfp1=fpÞ1=2 ð35Þ

is in good agreement with reference results.
To go further, we have to model fp and h�ewif. In this
work, we will consider that the wake dissipation is a known
data (provided by fine-scale simulations), and we focus on
the friction factor model for non-equilibrium turbulent
flows.

3.2. Modeling of the friction factor fp for

non-equilibrium flows

The friction factor asymptotic value fp1 may be given by
correlations available in the literature, by experimental
results, or by fine-scale simulations. Due to the simplicity
of the geometry under study, we choose to get the friction
factor profiles from fine-scale simulation results. Our aim is
to model the friction factor evolution by studying its vari-
ations compared to these of h�ki

f
, h�ei

f
and h�ewif.

First of all, we assume that the boundary layer is close to
equilibrium. Following Laurence and Boyer (2002), we use
the Reichards law to approach the velocity profiles

uzðywÞ ¼ ufgðyþÞ with yþ ¼ ufyw

m
; and

gðyþÞ ¼ 1

0:41
lnð1þ 0:41yþÞ

þ 7:8 1� exp
�yþ

11

� �
� yþ

11
exp

�yþ

3

� �� �
; ð36Þ

where yw stands for the distance to the wall and uf is the
friction velocity. In the particular case of the plane channel,
pressure contribution to friction is negligible so that the
friction velocity is directly linked to the friction factor
through

uf ¼ huzifðfp=8Þ1=2
: ð37Þ

By calculating the velocity gradient from Eq. (36), using its
expression in Eq. (25) and substituting the friction velocity
for the friction coefficient, we get

h�ewif ¼
f 3=2

p h�uzi3f
DH

� 1

4� 21=2

Z Res

0

dg
dyþ

� �2

dyþ; ð38Þ

where Res is the friction Reynolds number

Res ¼
ufDH

4m
: ð39Þ

The function

CwðResÞ ¼
1

4� 21=2

Z Res

0

dg
dyþ

� �2

dyþ ð40Þ

is related to sub-filter velocity gradients (whose highest val-
ues are concentrated in a thin region closed to the wall).
The integrand in the Cw definition is then very low for large
y+ values. Splitting the integral into two parts, we numer-
ically deduce that for Res > 50, Cw nearly reaches a con-
stant value close to 1.6. Using Eq. (38), we can now
define the friction factor asymptotic value as a function
of the wake dissipation
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fp1 ¼ h�ew1i
2=3
f

D2=3
H

C2=3
w huzi2f

: ð41Þ

Since Eq. (41), exhibits a direct relation between fp1 and
h�ew1if, we have tempted to extrapolate this asymptotic
relation to non-equilibrium states. Unfortunately, it does
not work because the velocity profile is not enough close
to the Reichard law under far from equilibrium turbulence
state. In fact, the wake dissipation acts as an additive dis-
sipation in the h�ki

f
balance equation (see Eqs. (29) and

(31)). Both h�ewif and h�ei
f

are tightly linked to the velocity
profile in the vicinity of walls. Since fp results from velocity
gradients at walls, we thus claim that the friction factor is
in fact related to all the amount of dissipation

fp

fp1

’ h�ewif þ h�eif
h�ew1if þ h�e1if

� �2=3

: ð42Þ

We have previously underlined that the aim of our model is
to reproduce the dynamic of the spatially averaged quanti-
ties and to recover the asymptotic state values. However,
we demonstrate that, by using the modeled balance equa-
tions (29) and (32) (for h�ki

f
and h�ei

f
), and by adding the

proposed relation (42), the asymptotic value h�k1if is unde-
termined. In following developments, we distinguish the
Fig. 5. Friction factor model: comparison between the reference evolution and
and h�ewif, for different values of the constant b.
equilibrium state given by the reference data (denoted by
the subscript 1) from the equilibrium state reached by
the model (denoted by the subscript x). By writing the
modeled balance equations (29) and (32) for their equilib-
rium state, we get

fp.h�uzi3f
2DH

� h�ew1if � h�e.if ¼ 0; ð43Þ

Ce2
fp.h�uzi3f=ð2DHÞ � h�ew1if

st.ðfp1=fp.Þ1=2
� Ce2

h�e.if
st.
¼ 0: ð44Þ

We multiply Eq. (44) by Ce2 and we subtract the result
from Eq. (43):

fp.h�uzi3f
2DH

� h�ew1if

 !
fp1

fp.

� �1=2

� 1

" #
Ce2

st.

¼ 0: ð45Þ

Eq. (45) then provides two solutions for the friction factor.
These solutions are defined by

fp.;1 ¼ h�ew1if
2DH

h�uzi3f
6¼ fp1; ð46Þ

and

fp .;2 ¼ fp1: ð47Þ
the expression (50), computed with the reference evolutions of h�ki
f
, h�ei

f



Table 1
Description of two h�ki

f
–h�ei

f
models for turbulence in a stratified media

based on the formulation Eqs. (52) and (53)

PSF ss fp

Model
N&K

P SF1 ¼ h�e1if ss1 ¼ h�k1if=h�e1if fp1

Present
model

fph�uzi3f=2DH � h�ewif h�kif=h�eif � ðfp1=fpÞ1=2 Given by
Eq. (50)

The model of Nakayama and Kuwahara, denoted N&K, and the present
model.
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Now, we impose the model to provide only one solution
corresponding to the reference equilibrium state (1). The
fp model shall allow the turbulence model to do so. Let
us highlight that fpx,1 is related to the following h�ei

f
value

h�e.;1if ¼ 0: ð48Þ
Nevertheless, by using fpx,2 = fp1 in Eq. (43), we show

h�e.;2if ¼
fp1h�uzi3f

2DH

� h�ew1if ¼ h�e1if: ð49Þ

Whether it is the solution fpx,1 or fpx,2, the h�k.if value is
undetermined and consequently not equal to h�k1if. The
fp model might then be improved in order that the complete
model allows to reach on one hand only one solution for
the friction factor, and on the other hand the asymptotic
value h�k1if. We infer that, by adding a corrective factor re-
lated to the macro-scale turbulence characteristic velocity
non-equilibrium and to the bulk velocity, these drawbacks
are corrected. The fp model reads

fp

fp1

� h�ewif þ h�eif
h�ew1if þ h�e1if

� �2=3

1þ b
h�ki1=2

f
� h�k1i1=2

f

h�uzif

 !
; ð50Þ

where b is a model constant. To ensure the positivity of the
friction factor, the constant b must satisfy the condition:
Fig. 6. Macroscopic turbulence models results for turbulent flows in a stratifie
model described in this paper, the model N&K and reference results.
0 6 b 6
h�uzif
h�k1i1=2

f

: ð51Þ

We compute the relation (50) by using the reference evolu-
tions of h�ki

f
, h�ei

f
and h�ewif, for three values of the param-

eter b, that is to say b = 0, 0.5, 0.8. We compare the
modeled friction factor (Eq. (50)) with the reference fp.
Fig. 5 shows this comparison for the four simulations de-
scribed by (28). A good agreement is found, especially in
the area where profile shapes are far from their asymptotic
shape, for z/DH [ 10. We note that the influence of the
parameter b on these quantities is low. Nevertheless, we
d media: evolution of h�ki
f

along the z direction. Comparison between the
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also underline that the increase in b slightly degrades model
results. However, we recall that the choice b = 0 does not
allow the model to reach the asymptotic value h�k1if.

3.3. Results of the model

Now, results of our present macrosopic turbulence
model are compared with spatially averaged fine-scale sim-
ulations, described in the introduction of Section 3, and to
results of the Nakayama and Kuwahara model (Nakayama
and Kuwahara, 1996), hereafter denoted model N&K. This
last model is derived for macro-porous ordered media. It
includes the modeling of the asymptotic values (h�k1if
and h�e1if), and also balance equations for h�ki

f
and h�ei

f
.

Asymptotic values are specifically described for transverse
flows in square rod bundles (Nakayama and Kuwahara,
1996). For the flat plate heat exchanger geometry, we can-
not use that kind of asymptotic value modeling. However,
the modeling of the balance equations in the N&K model is
independant of the way asymptotic values are computed.
We then use the values obtained from the CAST3M fine-
scale simulations. In a steady plane channel, both N&K
model and our macroscopic turbulence model reduce to
the simple formulation:
Fig. 7. Macroscopic turbulence models results for turbulent flows in a stratifie
model described in this paper, the model N&K and reference results.
h�uzif
oh�ki

f

oz
¼ P SF � h�eif; ð52Þ

h�uzif
oh�ei

f

oz
¼ Ce2

P SF

ss
� h�eif

st

� �
; ð53Þ

where st is given by (33). Table 1 summarizes the discrep-
ancies between the two models, based on the formulation
(52) and (53). Once the stratified media is seen as an homo-
geneous media thanks to the spatial average application,
the formulation of the h�ki

f
–h�ei

f
model is comparable to

the formulation of the grid turbulence decay. Supplemen-
tary terms, related to the sub-filter production, account
for the solid structures action on turbulence. Nakayama
and Kuwahara (1996) argued that these terms are constant
and equal to their asymptotic values. This implies that tur-
bulence is close to equilibrium within the overall domain.
In the model presented in this paper, these terms vary
and part of their modeling has been carried out.

Simulations of macroscopic evolutions of h�ki
f

and h�ei
f

are performed using a one-dimensional code based on a
finite volume upwind scheme. Source terms are fully expli-
cit. We recall that the wake dissipation h�ewif is given by the
spatially averaged fine-scale simulations. Hence, compari-
sons presented here might be seen as a priori tests. The fric-
d media: evolution of h�ei
f

along the z direction. Comparison between the
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tion factor is deduced from Eq. (50). The simulation
domain starts at z/DH = 2 and ends at z/DH = 60. A uni-
form grid composed by two hundred cells is used. At the
inlet of the simulated domain, a Dirichlet boundary condi-
tion is applied by using the reference values at this point.
At the end of the simulated domain, we consider that the
asymptotic state is reached and we then applied a Neu-
mann boundary condition. Convergence tests on mesh grid
and time step have been performed. Results presented here
are fully converged. Comparisons between the present
model, the model N&K and reference results are carried
out by studying the evolutions of h�ki

f
=h�k1if, h�ei

f
=h�e1if

and fp=fp1 . To do so, we lean on the four test cases corre-
sponding to the description (28).

The model N&K then exhibits in all cases a rapid relax-
ations to the asymptotic state (Figs. 6 and 7). By setting the
solid action model terms to their asymptotic values, the
competitions between the sub-filter production PSF and
the viscous dissipation h�ei

f
on one hand, and between their

characteristic time scales on the other hand, are too much
simplified. To assume PSF constant (and equal to its
asymptotic value) is equivalent to assume a velocity profile
close to establishment. In the studied configuration, this
hypothesis is clearly false over twenty to thirty hydraulic
diameters downstream the channel inlet. In addition, by
choosing the time ss equal to its asymptotic value, Nakay-
Fig. 8. Friction factor model results for turbulent flows in a stratified media. Co
and reference results.
ama and Kuwahara guarantee that the model recover the
h�k1if and h�e1if values. But in the same way, they also
assume that the time st remains nearly constant. That
assumption is clearly not achieved here.

We now focus on the results provided by the model
introduced in this paper. We note that the choice of the
time ss added to the friction factor model allow our model
to recover the dynamic behavior of the h�ki

f
and h�ei

f
evolu-

tions (Figs. 6 and 7). We can now analyse the discrepancies
existing between the reference and our model results. At
the inlet, h�ki

f
, h�ei

f
and h�ewif are imposed equal to fine-scale

results. Nevertheless, for the cases SIM_REF_1 and
SIM_REF_4, the fp model provides values which are
higher than reference values (Fig. 8(a) and (d)). It induces
an overestimation of the ratio between PSF and ss. Hence,
the modeled h�ei

f
decreases more slowly than the reference

one. At the contrary, for the cases SIM_REF_2 and
SIM_REF_3, the fp model provides values which are lower
than reference values. The ratio PSF/ss is underestimated
and the modeled h�ei

f
decreases more rapidly than the ref-

erence one. The model construction, and especially the ss

expression, allows to counterbalance this effect. Now, let
us underline that an overestimation of the friction factor
at the starting point of the macroscopic simulation has
lower consequences on the evolution of the friction factor
than an underestimation.
mparison between the model (50) described in this paper, the model N&K
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We also underline that, once the fp model (50) is coupled
with the h�ki

f
–h�ei

f
model, the parameter b has a high influ-

ence on each evolution. This observation is in contrast with
the one done in the previous section and shows again how
sensible the coupling is: increasing b involves oscillations
with a larger amplitude.

Lastly, we propose some ways to improve this modeling.
We recall that for these a priori tests, we have used the ref-
erence evolution of the wake dissipation. Nevertheless, a
relevant model shall not refer to any reference evolution.
In forthcoming work, a balance equation for the wake dis-
sipation should be derived. The identification of the source/
sink terms of h�ewif, and their caractéristic time scales,
would allow us to postulate a balance equation for this
quantity. At the same time, we will work on a model for
the asymptotic values. We will then check that the same
modeling methodology could apply to other non-detached
flows, such as flows in tube or flows in rod bundle parallel
to the main direction of the geometry.

4. Conclusion

In this paper, we have derived a macro-scale turbulence
model for flows embedded in a solid matrix. Due to the
spatial averaging procedure, numerous terms need to be
closed. To do so, a formal two-scale analysis has been car-
ried out to put forward each transfer existing within the
turbulent motion and the mean motion in a porous med-
ium. According to this analysis, the sub-filter production
is described thanks to the product between the drag of
the solid structures and the double averaged velocity,
minus a wake dissipation. We then study the macroscopic
evolution of a turbulent flow in a stratified medium made
by parallel infinite plates. Using h�ki

f
, h�ei

f
and h�ewif coming

from fine-scale simulation results, we perform a priori tests
in order to derive a dynamical closure for the friction fac-
tor. Considering that the wake dissipation evolution is a
known data, our h�ki

f
–h�ei

f
model depends on only one

parameter: b. Comparisons with results provided by the
N&K model exhibit significant improvements. Possible
ways of improvement have also been suggested.
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